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Introduction 
 
The considerations of noncommutative minisuperspace cosmologies have recently 
attracted much attention [1-5] due to the fact that the landscape of string theory vacua [6], 
i.e. the number of string theory vacua with positive energy densities, is too big [7-11], 
and that within the string theory itself there is no reasonable selection mechanism 
between them. Also, in some studies [4], [5], a solution of the cosmological constant 
problem was suggested. Interest in canonical noncommutativity and its application to 
minisuperspace models was stimulated by the discovery of its relation to the string and 
M-theory [12-15]. This kind of noncommutativity arises in the low energy effective field 
theory on a D-brane in a constant antisymmetric background B-field. Also, there are 
many proposals for a noncommutative theory of gravity [16-37], in which in defining the 
noncommutative minisuperspace models the noncommutative parameter corresponding 
to space-time noncommutativity may be treated in a new way, though the cosmology of 
these models depends on time parameter only [1]. The noncommutativity parameter θ , 
which we shall introduce in this work, may then be considered as the effective 
noncommutativity parameter, and the noncommutative minisuperspace models may 
therefore serve as toy models which test the selective role of this effective 
noncommutativity in the choice of the vacuum, or of the wave function as the ground 
state of the universe in such a quantum cosmology. It is well known that the Hartle-
Hawking condition [38], [39] does not fix the wave function of the universe uniquely 
[40], [41], what additionally justifies the consideration of the influence of 
noncommutativity on this condition via the noncommutative minisuperspace quantum 
cosmology.  
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In this work we consider the canonical noncommutativity of the 2D minisuperspace 
model of the homogeneous and isotropic closed universe with the homogeneous 
dimensionless scalar matter field φ , with the potential of the form φβφα 2sh2ch + , 
where α  and β  are arbitrary real parameters. Values of these parameters determine the 
class of the potentials as well as of the corresponding universes. The standard version of 
this model has already been considered by Halliwell et.al. [42] who concluded that the 
suggested potential is not void of physical meaning. In this (standard) case, for βα = , 
the matter potential yields the power-law inflation model, while for 0>α  and 0=β , 
and 0=φ , it yields the standard de Sitter cosmology. We shall apply the canonical 
noncommutativity of the linear minisuperspace coordinates φ2ch2ax =  and 
φ2sh2ay = (where a is the dimensionless cosmic scale factor), where we shall, 
motivated by physical arguments, have to seriously consider the noncommutativity of 
curvilinear minisuperspace coordinates a and φ . As the main problem in the 
development of the theory of gravitation on noncommutative manifolds is the 
implementation of general coordinate covariance (finite diffeomorphisms), the definition 
of derivatives and the metricity condition [43], [44], we shall in the case of the 
noncommutative minisuperspace, as an alternative to other possibilities [45-48], try to 
overcome this problem by modifying the Moyal product [49]. The price that we shall 
have to pay in doing this is the change of the algebraic structure of the noncommutative 
minisuperspace at the expense of its “relative” noncommutative geometry. Also, the 
procedure will be adapted to the Weyl rescaling, which appears in ours as well as in the 
standard (commutative) model [42], [50]. This will enable the relation of the Moyal 
product to its modification as introduced here, and will justify the introduction of this 
formalism via the classical and quantum noncommutative Hamiltonian dynamics of our 
model. By using the Moyal approach it will be shown that at the quantum level the 
noncommutativity results in the appearance of the θ -phase factor and the 2θ  containing 
term in the argument of both the general and particular solutions of the corresponding 
noncommutative Wheeler-DeWitt equation. It will turn out that the θ -phase factor plays 
significant role in interference phenomena, while the 2θ  term in the semiclassical 
approximation for extends the classically forbidden region of the minisuperspace. It also 
appears that at the Hartle-Hawking condition and for different choices of the gauge 
condition 0=N&  ( N  is the lapse function) this 2θ  term either decreases or increases the 
semiclassical probability amplitude for tunneling from nothing to the closed universe 
with the stable matter potential. This analysis already demonstrates the significant 
superselection role of noncommutativity not only in the choice of the corresponding 
gauge condition but also in the choice of the most probable semiclassical ground state of 
the universe. Finally, it will be shown that under the Hartle-Hawking condition and when 
0>α  and 0=β  the canonical noncommutativity of the minisuperspace prefers as the 
most probable the creation of the closed universe with 0=φ  by the semiclassical wave 
function which for 0=θ  corresponds to the geometry of filling in the three-sphere with 
more than half of a four-sphere of radius √(1/α) [38], [39]. It also appears that for the 
same case at the classical level this kind of noncommutativity of the minisuperspace 
explicitly determines the cosmic time dependence of the cosmological “constant” )(teffΛ  
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the value of which is smaller than the standard cosmological constant at all times, except 
in the infinite future.  
 
 
Noncommutative model of the closed Universe with the scalar field 
 
We consider the model of the closed universe that is described by the rescaled 
Friedmann-Robertson-Walker (FRW) metric determined by the space-time interval in the 
form [42] 
 
,d)(d
)(
)(d 23
22
2
2
22 ⎥⎦
⎤⎢⎣
⎡ Ω+−= tat
ta
tNs σ                                       (1) 
 
where N(t) is a dimensionless lapse function, a(t) is the dimensionless cosmic scale 
factor, σ2 = κ2/3V (κ2 = 4πG, G-Newton’s constant, c = 1 (c-speed of light) and V = 2π2 
is the volume of the unit 3-sphere) and 23dΩ = dχ2 + sin2χ (dϑ2 + sin2ϑ dϕ2 ) is the metric 
of the unit 3-sphere. As the cosmological models with the Coleman-Weinberg potential 
can not be exactly solved we make use of the alternative redefined potential of the scalar 
field U(φ) in the form: 
 
U(φ) = α ch 2φ + β sh 2φ ≡  
3
σ2κ 22 V(Φ),                                (2) 
 
where α and β are arbitrary real parameters, and the dimensionless field φ is related to the 
ordinary scalar field Φ as follows: 
 
Φ = φ √3/κ = φ /πσ√2.                                               (3) 
  
The corresponding minisuperspace model is now 2D and is described by the cosmic scale 
factor a and scalar field φ. From (1) and (2) there follows the form of the metric of a 2D 
minisuperspace model of the closed universe and rescaled potential [51]: 
 
)dd(dd)( 2422 φσ aaaqqqG BAAB +−= , 
                                         ]1)([
2
1)( 2 −= φσ UaqU ,                                               (4) 
 
where ),( φaq A ≡ . Halliwell [50] demonstrated that for any nD minisuperspace model 
the ordering parameter ξ in the conformally invariant Wheeler-DeWitt (WDW) equation 
(Planck`s constant ћ = 1): 
 
0)()(
2
1)( =Ψ⎥⎦
⎤⎢⎣
⎡ ++∆−=Ψ AA qqqH URξ     (5) 
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(where the Laplace-Beltrami operator is ⎥⎦
⎤⎢⎣
⎡
∂
∂−∂
∂
−≡∆ B
BA
A q
qq
qq
)()(
)(
1
GG
G
, R is 
the scalar Riemannian curvature in minisuperspace M, ( )qU  is the minisuperspace 
potential and )( AqΨ  is the wave function of the universe) equals )]1(8/[)2( nn −−=ξ  
for 2≥n . In our conformal model of the universe this parameter equals zero. Also, from 
metric (4) there follows that Riemannian curvature tensor of the minisuperspace M is 
zero, what in turn implies that the application of the smooth transformation: 
 
 (6) 
 
with 
       φφ 2sh,2ch 22 ayax ==      (7) 
 
yields the metric of the flat minisuperspace in the form: 
 
       )dd(
4
~d~d~ 22 yxqqG BAAB +−=σ                               (8) 
and the minisuperspace potential in the form:  
 
],1)~([
2
1)~(~ −= qvq σU                                         (9) 
 
where )~(qv ≡ v (x,y) =  α x+β y = )(2 φUa . 
 
Using these convenient properties Halliwel, Marugán and Garay [42] demonstrated that 
the WDW equation (derived from our Eq.(8),(9)) has an exact general solution which is a 
linear combination of the products of Airy functions. Also, by applying the Hartle-
Hawking condition [38], [39] (the H-H condition, in what follows) and the saddle point 
method to the path integral over the complex lapse parameter (under the gauge condition 
0=N& ) and the real minisuperspace coordinates x and y, they found the particular 
solutions to the WDW equation. For different choices of the contours of integration over 
N and for different values of parameters α and β, one obtains integral representations of 
different special functions.  
 
The non-commutative model of the closed universe can now be realized by application of 
the Moyal deformation [49] to the WDW equation, what is a procedure well known from 
the case of the non-commutative quantum mechanics. As the minisuperspace coordinates 
depend on time only, the non-commutativity of space-time is trivially realized by the 
suitable non-commutative cosmology. As the minisuperspace model of the universe is a 
quantum-mechanical model with an infinite speed of interaction, and not the quantum 
field theory of the universe, it does not violate the microcausality.  
 
),(~),( yxqaq AA ≡→≡ φ
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In the case of our model we suggest the canonical non-commutativity of linear 
minisuperspace coordinates )ˆ,ˆ(~ˆ yxq A = determined by commutation relations: 
 [ ] [ ] [ ] ,~ˆ,~ˆ,~ˆ,~ˆ,~ˆ,~ˆ 0==≡= BAABBAABABBA ppipqiiqq δεθθ       (10) 
 
where the non-commutativity real parameter θ = const, )ˆ,ˆ(~ˆ yxA ppp ≡ - are linear 
minisuperspace momenta and .01 )1( =−= εεε BAAB The θ - deformation of the 
minisuperspace as determined by (10) implies the non-commutativity of the 
minisuperspace functions that is introduced via the Moyal (star) product [49]: 
            
)~( C1
Aqψ Ì )~( C2 Bqψ = )~(~~2exp)
~( C2C1
B
DC
CDA qiq ψεθψ ⎟⎟⎠
⎞
⎜⎜⎝
⎛ ∂∂
→←
= 
 
                              )~()~( C2C1
BA qq ψψ= + [ ] )~(~)~(~
2 C2C1
B
D
A
C
CD qqi ψψεθ ∂∂  )( 2θO+ ,      
                                                                            (11)        
where AA qC~
~
∂
∂≡∂  and the commutative minisuperspace coordinates ),(~ CCC yxq A = are the 
Weyl symbols of the operators )ˆ,ˆ(~ˆ yxq A = . The notation here is suggested because these 
symbols match exactly with the canonical minisuperspace coordinates as defined by the 
following formula (18), what may be seen directly from the properties of the Moyal 
product (11) [2], [44]. Our non-commutative WDW (NWDW) equation now looks like: 
 
                        ( ) ( )[ ]1,ˆˆ4 CC22 −++− yxνpp yx Ì ( )CC , yxψ  = 0     (12) 
 
and represents the Moyal deformed version of the WDW equation. Applying the 
properties of the Moyal product to the potential term ( )CC , yxν  in (12) we obtain: 
 
 ( )CC , yxν Ì ( )CC , yxψ  = ( )CCCC ,2,2 CC yx
iyix xy ψθθν ⎟⎠
⎞⎜⎝
⎛ ∂−∂+  = 
 
                               ( ) ( ) ( )CCCCCC ,ˆ,ˆ,ˆ2ˆ,ˆ2ˆ yxyxyxpypx xy ψνψ
θθν =⎟⎠
⎞⎜⎝
⎛ +−=  
                                                                                  (13) 
 
and our NWDW equation can now be written as: 
 
( ) ( ) ( ) 0,1
2
4 CCCC
22
CCCC
=⎥⎦
⎤⎢⎣
⎡ −++∂−∂+∂−∂ yxyxi xyyx ψβαβαθ   (14) 
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with the general non-commutative solution of the form: 
 
 ( ) ( ) ( ) ×⎪⎭
⎪⎬⎫⎪⎩
⎪⎨⎧ ⎥⎦
⎤⎢⎣
⎡ −−′+′+⎥⎦
⎤⎢⎣
⎡ −−′+′= 3/2
22
C
3/2
22
C
CC 2
64/1Bi
2
64/1Ai, α
βθαµ
α
βθαµψθ xBxAyx   
  
 
( ) ( ) ( ) ,16exp2
64/Bi
2
64/Ai CC3/2
22
C
3/2
22
C ⎥⎦
⎤⎢⎣
⎡ +⎪⎭
⎪⎬⎫⎪⎩
⎪⎨⎧ ⎥⎦
⎤⎢⎣
⎡ −+′′+⎥⎦
⎤⎢⎣
⎡ −+′′× yxiyDyC αβθβ
αθβµ
β
αθβµ
 
   (15) 
 
where A’, B’, C’, D’ and µ’ are arbitrary constants. For θ = 0 this non-commutative 
solution reduces to the general solution [42] of the common WDW equation. 
 
As the metric of the space-time (1) of the closed model universe is compact (after 
applying the Wick rotation of time) it is possible to find the particular solutions of the 
NWDW equation by applying the H-H condition and using the θ -modified method of 
path integrals. If, in a sense of the modified Poisson brackets, we assume the non-
commutativity of minisuperspace coordinates ),(~ yxq A =  on the classical level, we then 
have to define the θ -deformed Poisson algebra: 
 { } { } { } ,~,~,~,~,~,~ 0=== BAABBAABBA pppqqq δεθ                  (16) 
 
Classical non-commutative algebra (16) is related to the commutation relations (10) by 
the Dirac quantization procedure: 
 
{ } [ ],1,
i
→  .     (17) 
 
By applying the linear transformations  
 
B
AB
AA pqq CC ~2
~~ εθ−= ,     (18) 
 
where is BpC~ = Bp~  because of the third commutation relation in (16), 
one obtains the standard Poisson algebra: 
 { } { } { } ,0~,~,~,~,0~,~ CCC === BAABBABA pppqqq δ                     (19) 
 
and the canonical Hamiltonian of our model becomes: 
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( ) ( ) 01
2
4
2
~~
CC
22 ≈⎥⎦
⎤⎢⎣
⎡ −++−−+−=≡ yxppppNHNH xyyx βαβαθθθ .        (20) 
 
By applying the Legendre transformation and the Wick rotation of time to the 
Hamiltonian (20) the non-commutative Euclidean action: 
 
  ( ) ( )−+−+−=−= ∫−→ CC2C2C21
0 84
1d
2
1~~ [ yx
N
iyx
N
NSiI
it
&&&& αβθτθ
τ
θ  
( ) ]1
64 CC
22
2
−++−− yx βαβαθ ,                (21) 
 
is obtained (the dot over the symbol signifies derivation over τ), and equations of motion 
become: 
  
2
C 2 Nx α−=&&  and  2C 2 Ny β=&&     (22) 
 
and their solutions: 
 
         ( ) ( ) ,C2CC22C xNxxNx ′++′−′′+−= τατατ    
 
    ( ) ( ) ,C2CC22C yNyyNy ′+−′−′′+= τβτβτ     (23) 
 
where ( ) ( ) ( ) ( )0,0,1,1 CCCCCCCC yyxxyyxx ≡′≡′≡′′≡′′ , henceforth follow. In Eq. (21) 
 
⎪⎩
⎪⎨
⎧ +⎟⎠
⎞⎜⎝
⎛ ++
⎥⎥⎦
⎤
⎢⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛+⎟⎠
⎞⎜⎝
⎛−== ∫∫ tytxNtytxNNtLtS dddd8dddd4 1d21~d~ CC
2
C
2
C
2
1
0
1
0
αβθθθ  
 
( )
⎭⎬
⎫+−−−+ 1
64 CC
22
2
yx βαβαθ                          (24) 
 
is the Lorentz action. Inserting these solutions into the Euclidean action we obtain the 
non-commutative Hamilton-Jacobi action: 
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  ( ) ( ) ( )[ ] ( )−−+′−′′+′−′′−=′′′′′′ 2232CC2CCCCCC 24810,,,,~ βαθ NyyxxNyxNyxI  
 
     ( ) ( ) ( ) −⎥⎦
⎤⎢⎣
⎡ −+′+′′−′+′′−− 22
2
CCCC 32
2
4
βαθβα yyxxN   
 
     ( ) ( )[ ].
16 CCCC
yyxxi ′−′′+′−′′− αβθ    (25) 
 
 
Under the H-H condition and the gauge condition 0=N& , the non-commutative quantum-
mechanical propagator ( )0,0,~C NqG AHHE ′′θ  can now be exactly found from the Pauli 
formula [52], [53]  
 
( ) ( ) ( ) ,0~~exp~~
~
det
2
10,0,~
CCC
2
2/C
=′
−
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
′∂′′∂
∂−=′′
A
AAn
AHH
E
q
I
qq
INqG θ
θ
θ π  (26)  
 
where 2=n  is the dimension of our minisuperspace. 
The propagator is: 
 
 ( ) ( )⎪⎩
⎪⎨⎧ ⎩⎨
⎧ −−+′′+′′−−=′′′′ 22
32
C
2
C
CC 624
1exp
8
10,0,0,, βαπθ
N
N
yx
N
NyxG HHE  
 
( ) ( ) .
16
exp
32
2 CC
22
2
CC ⎥⎦
⎤⎢⎣
⎡ ′′+′′×⎭⎬
⎫
⎭⎬
⎫⎥⎦
⎤⎢⎣
⎡ −+′′−′′−− yxiyxN αβθβαθβα
 (27) 
 
When α = β  the propagator (27) does not contain the θ 2 dependence so that integration 
over the complex lapse parameter by applying the method of fastest descent yields the 
particular solutions of the NWDW equation [41]: 
 
( ) ( ) ( ) ( )CCCCCCCC ,16exp0,0,0,,d, yxyxiNyxGNyx NBHHENB ′′′′⎥⎦⎤⎢⎣⎡ ′′+′′=′′′′=′′′′ ∫ ψ
αθψ θθ ,                                  
(28) 
 
where ( )CC , yxNB ′′′′ψ  are all particular solutions of the WDW equation, as obtained by 
Halliwell et al. [42]. Although the particular solutions (28) depend on θ, the 
corresponding general solution for the α = β case contain the θ 2 dependence: 
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 ( ) ( ) ( ) ×⎪⎭
⎪⎬⎫⎪⎩
⎪⎨⎧ ⎥⎦
⎤⎢⎣
⎡ −−′+′+⎥⎦
⎤⎢⎣
⎡ −−′+′= 3/2
22
C
3/2
22
C
CC 2
64/1Bi
2
64/1Ai, α
αθαµ
α
αθαµψθ xBxAyx  
 
  
( ) ( ) ( )⎥⎦
⎤⎢⎣
⎡ +⎪⎭
⎪⎬⎫⎪⎩
⎪⎨⎧ ⎥⎦
⎤⎢⎣
⎡ −+′′+⎥⎦
⎤⎢⎣
⎡ −+′′× CC3/2
22
C
3/2
22
C
16
exp
2
64/Bi
2
64/Ai yxiyDyC αθα
αθαµ
α
αθαµ . 
 
            (29) 
 
This θ 2 dependence in the general solution (29) is only illusory, as we will see from what 
follows. Comparison of the general solution and all particular solutions for α = β shows 
that under the H-H condition the constant µ′  that figures in (29) equals 
 
64
'
22αθµµ +=                                                            (30) 
 
where µ  is the undetermined constant of the general solution of the WDW equation 
(derived from our Eq.(8), (9)) and other constants in general solution (29) have the same 
values as in the commutative (standard) case [42].  
 
So, for α = β  the θ - phase factor which appears in (28) and (29) influences the quantum-
mechanical interference between different configurations of the universe. 
 
Let us consider now the case α ≠ β, when in (15), (25) and (27) there appears the term 
that contains θ 2. Herewith we shall apply the H-H condition and the semiclassical 
approximation. In the standard case, when θ = 0 and α > │β│, under the H-H condition 
with the regularity condition 02C
2
C
2 <′′+′′−≡ yxs , Halliwell et. al. applied the contour 
analysis and obtained the semiclassical wave functions [42]: 
 ( )[ ]0,0,0,,~exp),( b/aCCb/aCCb/a ±±± ′′′′−∝′′′′ NyxIyxψ ,     (301) 
 
 
as well as the sum of the wave functions of this form, where the Hamilton-Jacobi action 
(see (25)): 
 ( )
0
0,0,0,,~~ b/aCCb/a =′′′′≡
±±
θθ NyxII      (302) 
 
has the saddle points of the form: 
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( )[ ] )2(,1 2/12222
22b/a
−′′+′′≡−+±−−
±=± CC yxIsIIN βαβαβα           (303) 
 
(in Eq. (303) the superscript “± ” on N corresponds to 1±  in front of the bracket on the 
right hand side of Eq. (303), while the subscript “ a/b ” corresponds to 1±  in front of the 
square root  in the bracket on the same side of Eq. (303)). 
For α > 0, β = 0, and 2Cy ′′ = 0, and under the gauge condition: 
 ( ) )2(,1 2/1222a −′′=′+′+′−−=′− CxIsIIN ααα      (304) 
 
the corresponding Hamilton-Jacobi action: 
 ( ) ( ) ( )
0
0,0,0,0,~2
6
1~
aC
222
2/1
222
a =′′′≡+′+′+′+′−
−=′ −− θααα θ NxIsIIsIII  (305) 
 
is real, for 02C <−′′=′ xI α  and 0222 >+′ sI α . 
 
Action (305) determines the semiclassical wave function: 
 ( )[ ]0,0,0,0,~exp)( aCaCa −−− ′′′′−∝′′′ NxIxψ     (306) 
 
which for 1C <<′′xα corresponds to the Hartle-Hawking (no-boundary) ground state of the 
closed universe [38], [39]. 
 
Starting with this, we choose for our consideration of the noncommutative model of the 
closed universe with α > │β│the following gauge conditions: 
 
( ) ( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛
⎥⎦
⎤⎢⎣
⎡ −+−′′+′′≡⎥⎦
⎤⎢⎣
⎡ −++−−
±=±
64
12,1
222
CC
2/1
2222
22a
βαθβαβαβα θθθθ yxIsIIN
 (307) 
 
which are also the saddle points of action (25). From (307), if: 
 ( )⎥⎦
⎤⎢⎣
⎡ −+<′′′′⇔<
64
12)(0
222
C
2
C
βαθφθ UaI  and ( ) 02222 >−+ sI βαθ  (3071) 
 
then │Iθ│>│I│, and for the gauge condition −aθN  the following relation hold: 
 ( ) −−−−−− <⇒>∈ aRaaRaaRa ~~R~,~ ψψθθθ IIII    (308) 
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Here: 
 ( )[ ]0,0,0,,~~Re~ aCCaRa −−− ′′′′≡= θθθθ NyxIII  
 
and the total semiclassical wave function −aθψ  takes the form: 
 
( ) ( )( )−−−− −=⎥⎦⎤⎢⎣⎡ ′′+′′∝′′′′ RaRaCCRaCCa ~exp,16exp),( θθθθ ψαβθψψ Iyxiyx .   (309) 
 
The θ - phase factor that appears in (309) does not vary with Cx ′′  and Cy ′′  much more 
rapidly than −Ra
~
θI  [41], so that its contribution to interference phenomena is non-trivial. 
 
On the basis of (308) we conclude that for α > │β│and the gauge condition −aθN  the 
noncommutativity via the θ 2 dependence decreases the semiclassical tunneling amplitude 
from nothing to the observable closed universe with stable matter potential. 
 
Under the same conditions (3071), but for the gauge condition +aθN  the following holds: 
 ( ) ,~~R~,~ aRaaRaaRa ++++++ >⇒<∈ ψψθθθ IIII     (3010) 
 
where 
 ( )[ ]0,0,0,,~~Re~ RaCCRaRa +++ ′′′′≡= θθθθ NyxIII  
 
and the total semiclassical wave function +aθψ  takes the form: 
 
( ) ( )( )++++ −=⎥⎦⎤⎢⎣⎡ ′′+′′∝′′′′ RR Iyxiyx aaCCRaCCa ~exp,16exp),( θθθθ ψαβθψψ .   (3011) 
 
The θ - phase factor in (3011) again has non-trivial influence only on interference effects. 
 
From (3010) there follows that, opposite to the previous case, for α > │β│and the gauge 
condition +aθN , the noncommutativity increases the tunneling amplitude. 
 
Also, from (3071) we see that the noncommutative θ 2 term extends the classically 
forbidden, i.e. the quantum-mechanically allowed region of the minisuperspace, thereby 
increasing the difference between the contributions of the semiclassical (no-boundary) 
tunneling amplitudes −aθψ and .a+θψ  
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This difference is greatest for α > 0 and β = 0, what means that noncommutativity prefers 
the creation of the closed universe rather by +aθψ than by .a−θψ  
 
For│α│< β the gauge conditions (307) are real, if: 
 
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−>′′′′⇔>⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−−′′+′′≡
64
12)(0
64
12
222
C
2
C
222
CC
αβθφαβθβαθ UayxI   (3012) 
 
The corresponding semiclassical wave functions are then of the form: 
 
( ) ( )( )±±±± −=
<⎥⎦
⎤⎢⎣
⎡ ′′+′′∝<′′′′
R
a
R
aCC
R
aCCa
~exp,
16
exp),( θθθθ ψβα
αβθψβαψ Iyx
iyx  (3013) 
 
where the the θ - phase factor again takes part in quantum interference. Minding that on 
the grounds of (3012) in this case the large cosmic scale structure of our model universe 
is quantum-mechanically allowed, or classically forbidden, the wave functions (3013) in 
this region do not decohere. This means that there is no creation of the classical closed 
universe with unstable matter potential, to what the contribution of noncommutativity is 
negative, and decreases the probability of creation.  
 
These considerations tell us that noncommutativity of minisuperspace model of the 
closed universe prefers creation of the classical universe with stable matter potential only, 
what follows from Eq. (3010), (3011) and (3013).  
 
 
Let us consider now the noncommutative geometry of our classical model of the 
universe. If we employ finite diffeomorphism ),(),(~ CCCCCC φaqyxq AA ≡→≡  which 
is defined by  
C
2
CCC
2
CC 2sh,2ch φφ ayax ==                                         (34) 
 
to the noncommutative Lorentz lagrangian represented by (24) we obtain the 
noncommutative Lorentz lagrangian in the form: 
 
 
 
 
 
 
    ( ) ( ) ( )
⎭⎬
⎫−+⎥⎦
⎤⎢⎣
⎡ ++++ 22
2
C
CC
2
C
C
CCC 64d
dsh2ch2
d
dch2sh2
4
βαθφφβφαφβφαθ
t
a
t
aa
N
. 
   
  (35)  
( ) +++
⎪⎩
⎪⎨
⎧ −
⎥⎥⎦
⎤
⎢⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛+⎟⎠
⎞⎜⎝
⎛−= 1sh2ch2
d
d
d
d1
2 CC
2
C
2
C4
C
2
C2
C2 φβφαφθ atat
aa
N
NL
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From (24), (34) and (35) there follows the finite smooth transformation 
),(),(~
CCC φpppppp aAA yx ≡→≡  defined by the following relations 
 
( ) ( )CCC2
C
CCC2
C
ch2sh2
2
1,sh2ch2
2
1
CCCC
φφφφ φφ papappapap ayax +−=−=  .     (36) 
 
Transformations (34) and (36) conserve the standard Poisson algebra (19) i.e. their 
application to this algebra yields the following Poisson algebra: 
 { } { } { } ,0,,,,0, CCCCCC === BAABBABA pppqqq δ   (37) 
 
and the Legandre transformation of (35) defines the noncommutative Hamiltonian  
 
( ) −−+++⎪⎩
⎪⎨
⎧−=≡ 1sh2ch2
2 CC
2
C4
C
2
2
C
2
CC φβφαφθθ aa
p
a
pNHNH a
 
( ) ( )[ ] .0sh2ch2sh2ch2
4 CCCCC2C CC
≈
⎭⎬
⎫+++−− φβφαφαφβθ φpapa a            (38) 
 
Also, the noncommutative Hamiltonian (38) may be obtained by applying the 
transformation (36) to the Hamiltonian (20). 
 
Earlier we showed that algebra (19) may be obtained from the θ  -deformed Poisson 
algebra (16) by using linear transformations (18). Analogously, if we use a natural 
substitution of the noncommutative minisuperspace coordinates 
),(),(~ φaqyxq AA ≡→≡ defined by the relations: 
 
,2sh,2ch 22 φφ ayax ==                                       (39) 
 
 as well as the substitution of  momenta ( ) ( )φpppppp aAyxA ,,~ ≡→≡  defined by terms  
 ( ) ( )φφφφ φφ ch2sh221,sh2ch221 22 papappapap ayax +−=−=               (40) 
 
in (16) one gets the θ -deformed Poisson algebra: 
 
{ } { } { } { } ,
4
,,
2
1,,
2
1,,
4
, 4443 a
pp
a
p
p
a
p
pa
a
a aaa
θφθφθθφ φφφ −=−=+==  
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{ } { } .
2
,,
2
, 5
2
3
2
2 ⎟⎟⎠
⎞
⎜⎜⎝
⎛ −==
a
p
a
ppp
a
ppa aaa
φ
φφ θθ                                    (41) 
 
Although relations (39) are satisfied, as well as the equalities AA pp
~~
C = , the equality 
AA pp C=  is not satisfied because of the obvious difference of  algebras (37) and (41). 
The theta-deformed Poisson algebra (41) may be written as: 
 
{ } { } ,
)(
,,
)(
, D
D
CB
AC
A
BB
A
AB
BA p
qG
pq
qG
qq ∗∗∗ Γ−+=−=
εθδεθ  
 
{ } FEFDBECACDBA pp
qG
pp ∗∗∗ ΓΓ−= )(,
εθ ,                                   (42) 
 
where the )(qG ∗ -determinant of the redefined minisuperspace metric, which is defined 
as )(
σ
4)( qGqG ABAB =∗ (see the first formula in (4)), )1( 01 =−= εεε BAAB  and 
( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂≡−+=Γ
∗
∗∗∗∗
∗
∗
C
AB
CABDBCBDCCDB
AD
A
BC q
GGGGG
qG
,,,,2
)(
, is the Christoffel symbol of 
the redefined minisuperspace metric. Therefore, diffeomorphism (39) of the 
noncommutative minisuperspace and transformations of momenta (40) nontrivially 
change θ -deformed algebra (16) to algebra (42). From (34), (36), (39) and (40), and 
using the linear transformations (18), we obtain the nonlinear transformations: 
 
)(
2648
),(
42
322
C
2
7
C
2
3
C
4/1
CC
2
4
C C
CCC θθθθθ φφφ Opap
aa
p
apq
p
aa aC +⎟⎟⎠
⎞
⎜⎜⎝
⎛ +−−=⎥⎦
⎤⎢⎣
⎡ Π+−= , 
 
( )
( ) ),(328
4
1
4
1
ln
4
1 3
7
C
2
3
C
C
C4
C
C4
C
C
CCC
CC
CC θθθφθ
θ
φφ φ
φ
φ
O
a
pp
a
p
pap
a
pap
a aa
a
a
+++=
+−
−−
+=  
 
( ) ),(2
648
),(
42
3222
C8
C
2
4
C
4/1
CC
4
4
C
C
CC
CCC
C
C
C θθθ
θθ φ
φ
φ
Oppa
a
p
a
pp
p
pq
p
a
pa
p a
aa
a
a
a ++++=
⎥⎦
⎤⎢⎣
⎡ Π+−
=  
 
),,( CCC pqpp Π−= θφφ                                                  (43) 
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where BA
AB ppqGpq CCCCC )(),(
∗≡Π . By applying these nonlinear transformations to 
(42) one obtains the standard Poisson algebra (37). This is possible because of the 
invariance of the mathematical object ),( CC pqΠ to transformations (36) and (40) i.e.: 
 
)().,()(~~~)(),( 44
4
σ
CCCCC pqppqGppGppqGpq BA
AB
BA
AB
BA
AB Π====Π ∗∗  
 
Also, the mathematical object (44) is represented in the form of quadratic terms of 
momenta in noncommutative Hamiltonians (20) and (38), so that these parts of the 
Hamiltonians are invariant to application of (18) and (43), respectively. Therefore, if  { }( )( )θθθ ,,)(),(),,( pppBBAA MMMCpqGpqF ≡∈ ∞  are smooth functions on the 
noncommutative phase minisuperspace θpM  with local minisuperspace coordinates 
Aq  
and momenta Ap , then one may define the following θ -modified Poisson bracket: 
 
{ } { } { } +∂∂⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂+∂
∂
⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂=
B
B
A
AA
BA
AB
B
A
A
p
Gpq
q
F
q
Gqq
q
FpqGpqF ,,),(),,( θ  
 
 
 
where { } { } 0,,0, ≠≠ BABA ppqq  and { } { }ABBA qppq ,, −=  are determined by algebra 
(42). The noncommutative geometry and noncommutative Hamiltonian dynamics of the 
classical model of the closed universe is now completely defined by the construction of 
the modified Poisson brackets (45). 
 
 
Before we start considering the noncommutative geometry of the minisuperspace of the 
quantum model of the closed universe it is important to note that the WDW equation (5) 
of the standard (commutative) nD minisuperspace model may be obtained from the 
action: 
 
[ ] [ ] =⎭⎬⎫⎩⎨⎧ Ψ+Ψ+Ψ∇Ψ∇−−=ΨΨ ∫M BAABnABn qqqS )(2
1d,),( UGGG Rξ   
 
ΨΨ−−=Ψ⎥⎦
⎤⎢⎣
⎡ ++∆−Ψ−−= ∫∫ Hqqq
M
nn
M
GUG d)(
2
1d Rξ ,        
(46) 
 
{ } { } )(,,, 45
B
BA
A
B
B
A
A p
Gpp
p
F
q
Gqp
p
F
∂
∂
⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂+∂
∂
⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂+
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by the Lagrange variation of )( AqΨ . Physically, action (46) is related to the expectation 
value of the energy of the Universe, which is invariant to the conformal transformation 
(Weyl rescaling) for the fixed value of the ordering parameter ξ . In the case when nD 
minisuperspace •M  possesses Weyl geometry [54] the action  
 
[ ]
,
,),(
⎟⎠
⎞⎜⎝
⎛ Γ′′=Γ′′
⎭⎬
⎫
⎩⎨
⎧ Ψ′⎥⎦
⎤⎢⎣
⎡ ′+Γ′′Ψ′+Ψ′∇Ψ′∇′′−−=′Ψ′Ψ′′′
′•
•••′ ∫
•
)()(
)()(
2
1dw,,
w
w
RR
R
M
BA
ABn
AABn qqqS UGGG ξ
 (47) 
may be constructed, where AAA w2
1 ′−∇≡∇• ρ is the cocovariant derivative ( ρ - is the 
Weyl weight and Aw′ -is the Weyl vector),  
( )⎟⎠⎞⎜⎝⎛ ′′−′+′−Γ′=Γ′′−Γ′≡Γ′
′′•
B
CAC
B
AA
B
C
B
CA
B
CAA
B
C
B
CA
B
CA www2
1w
2
1 ww
Gδδδρ  is the Weyl 
connection and  
 
=′Γ′∇+′+Γ′′=Γ′′=Γ′′ ′• w)(1)-(
4
w)-1)(2-()()()(
2w
nnnRRR   
                        ,w)(1)-(
4
w)-1)(2-()(
w2 ′Γ′∇+′−Γ′′= ′nnnR  
⎟⎠
⎞⎜⎝
⎛ ′Γ′+′∂=′Γ′∇′Γ′+′∂=′Γ′∇ ′′ BA BAAABABAAA www)(;www)(
ww
                     (48) 
 
is the scalar Weyl curvature. The action (47) is invariant on Weyl rescaling [50]: 
 
( ) ( ),)()()()( qqqqqqqqqqqq AnAAnAABAB UUGG ′Ω=Ψ′Ω=ΨΨ′Ω=Ψ′Ω= −−− 221212 ),()(),()(),()(
 
(49) 
where n  is the dimension of the minisuperspace and the rescaling 
 
,Ω∂Ω+′= − AAA 12ww                                                 (491) 
  
for any value of the ordering parameter ξ   due to the validity of the following relation: 
 
)()()()()()()()(
•−•••′• Γ′′Ω=Γ′′=Γ′=Γ′=Γ′=Γ=Γ RqRRRRRR ABABABAB 2
ww
GG .       (50) 
 
When minisuperspace is (conformally) flat, then action (47) acquires the following form: 
 
 [ ] ∫
•
⎥⎦
⎤⎢⎣
⎡ Ψ′′Ψ′+Ψ′∂Ψ′∂′′−−=′Ψ′Ψ′′′ ••′
M
BA
ABn
AABn qqqS )(2
1dw,,
w
UGGG ),(
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 (51) 
 
and by applying the Weyl rescaling (49) and the rescaling  
 
02ww 1 =Ω∂Ω+′= − AAA                                                     (52) 
 
 one obtains the action:  
 
 
 
 (53) 
 
which is same as action (46) for which the Riemann scalar curvature vanishes. The 
rescaling (52) represents the gauge-fixing condition, because its choice violates the Weyl 
rescaling symmetry of the flat minisuperspace and determines the value of the ordering 
parameter ξ  for which Eq. (5) is still conformally invariant but this value is not 
important because the second term in Eq. (5) is equal to zero. This simplification leads to 
the following considerations of our model, with appropriate adaptation in the 
noncommutative case, the minimal realization of which follows from the Poincare-
Birkhoff-Witt theorem by replacing the ordinary product with the Moyal product leaving 
the minisuperspace coordinates of the standard (commutative) minisuperspace as Weyl 
symbols [44]. Actually, in our case the analogue of the action: 
 
[ ] ,)~(~~~
2
1~~d,,~ 22 ⎥⎦
⎤⎢⎣
⎡ +∂∂−−= ∫ ψνψψψψψ qGGqGS BAAB
M
AB                   (531) 
 
 in linear minisuperspace coordinates ),(~ CCC φaq A ≡  is the noncommutative action: 
 
[ ] ∫ ⎢⎣⎡ ∂−−= θ ψψψθ M AABAB GGqGS
~~
2
1~~d,,~ C
2
2 Ì ψψ +∂B~ Ì )~( Cqv Ì ,⎥⎦
⎤ψ  
( ,(MM ≡θ Ì ))                                                                                                      (54) 
 
and after the Lagrange variation of ψ  one obtains the NWDW equation (14). 
 
The Moyal product that occurs in action (54) has already been defined in Eq. (11) and is 
dropped out in the determinant of metric ABG
~  as well as in its contraction with other 
mathematical objects in action (54) due to its constant values as determined by (8). The 
construction of the noncommutative action (54) is well defined because the Moyal 
product in Eq. (54) is associative i.e. for three smooth functions )(~,~,~ θMCCBA
∞∈  it 
satisfies the associative property [44]: 
 (A~Ì )B~ ÌC~ A~= Ì (B~Ì )C~ ,                                                   (55) 
 
[ ] ∫ ⎥⎦⎤⎢⎣⎡ ΨΨ+Ψ∂Ψ∂−−==ΨΨ M BA
ABn
AABn qqqS )(2
1d0w,, UGGG ),(
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as well as for two smooth functions of compact support )()~(~~),~(~~ CC θMCqBBqAA
∞∈==   
it satisfies the trace property [44]: 
 
∫ −
θM
AGq ~~~d C
2 ÌB~ = ∫ −
θM
BGq ~~~d C
2 Ì A~ = ∫ −
θM
BAGq ~~~~d C
2 .                    (56) 
 
The noncommutative algebra (10) is in the coordinate representation therefore realized 
via the Moyal product (11), where the minisuperspace coordinates are the eigenvalues 
(Weyl symbols) of the commutative Hermitian operators of minisuperspace coordinates. 
This justifies the minimal replacement of the standard product in (531) with the product 
(11), as well as the construction of the noncommutative action (54). Minding that the 
noncommutative geometry, as well as the noncommutative dynamics, of the classical 
model of the closed universe in curvilinear minisuperspace coordinates is determined by 
algebra (42) we suggest that the noncommutative geometry of the corresponding 
quantum model may be determined by means of the diamond product, i.e. that for two 
minisuperspace scalar functions the following relation holds: 
 
)(ψ)(ψ 21
BA qq ◊ = )(ψ
2
exp)(ψ 21
B
DC
CD
A q
G
iq ⎟⎟⎠
⎞
⎜⎜⎝
⎛ ∇∇−
→←
∗
εθ  = 
 
                          
)(ψ)(ψ 21
BA qq= + [ ] )(ψ)(ψ
2
21
B
D
A
C
CD
qq
G
i ∂∂− ∗
εθ )( 2θO+ , ⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂≡∂=∇ AAA q
ψψψ       
                                                                                    (57) 
 
where the subscript “c” has been dropped out, and one has to bear in mind that the 
curvilinear minisuperspace coordinates Aq  are the eigenvalues of the commutative 
Hermitian coordinate operators, i.e. Weyl symbols of Aqˆ  and ( )∗Γ∇≡∇ AA - is the 
covariant derivative. From (57) the commutation relations follow: 
 
( ) ( ) ( ) ( )[ ] BAABBABA qqfqqfqfqfqfqfqq ==◊−◊≡⎥⎦⎤⎢⎣⎡ ◊ )(,)( 211221, = )()( 3θεθ OqGi
AB
+− ∗ , 
⎥⎦
⎤⎢⎣
⎡ ◊ A
B qe ,
r ),(
)(
2θεθδ Oe
qG
i
D
D
CB
AC
A
B +Γ−−=
∗
∗
r  
 
⎥⎦
⎤⎢⎣
⎡ ◊
BA ee
rr
,
( ) ( )[ ] )(
)(2
3θεθ Oeeee
qG
i
F
F
DAE
E
CBF
F
DBE
E
CA
CD
+ΓΓ−ΓΓ−=
∗∗∗∗
∗
rrrr , 
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⎥⎦
⎤⎢⎣
⎡ ◊ BA qq dd
,
)(dd
)(
3θεθ Oqq
qG
i FEB
FD
A
EC
CD
+ΓΓ−=
∗∗
∗ , 
⎥⎦
⎤⎢⎣
⎡ ◊ BA qq d
,
),(d
)(
3θεθ Oq
qG
i CB
CD
AD
+Γ−−=
∗
∗                                                      (58) 
where ),( φaq A =  - are the curvilinear minisuperspace coordinates, AA qe ∂
∂≡→  - are the 
tangent base vectors, i.e. orts, and )d,d(d φaq A = - are the dual base vectors, i.e. the 
differentials of the curvilinear minisuperspace coordinates and BA qqfqqf == )(,)( 21 - 
are the projections. From the first and last of the commutation relations (58), using: 
 ( )
⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂≡=−
Γ+−
Γ+−−=−∇
∗
∗
∗
∗
∗
∗
∗
∗∗
∗ C
EF
CEF
DC
ADB
DC
BAD
CEF
EFABAB
C q
GG
GGG
GG
G
,
, ,0
2
1 εεεε     (59)  
 
there follows the relation: 
 
⎥⎦
⎤⎢⎣
⎡ ◊ BA qq
,
d
( ) ( )=+−
−= ∗
∗∗
3, d
2
θεθ Oq
G
GGi CCEF
EFAB
 
 
 
        
 
 
 
       
                     ⎥⎦
⎤⎢⎣
⎡ ◊+⎥⎦
⎤⎢⎣
⎡ ◊= BABA qqqq
,,
dd                                   (60) 
 
that may also be put in the form: 
   
⎥⎦
⎤⎢⎣
⎡ ◊φ
,
d a =+−= )(d
4
3 3
4 θθ Oaa
i
⎥⎦
⎤⎢⎣
⎡ ◊−⎥⎦
⎤⎢⎣
⎡ ◊ aa dd
,,
φφ                   (61).  
 
It is important to note the higher powers of θ  in commutation relations (58). They 
represent  additional nontrivial noncommutative quantum corrections, so that for instance 
the θ 3 term in the first commutation relation in (58) is noncommutative quantum 
correction of the first theta deformed Poisson bracket in (42), i.e.: 
 
 
 
 
( ) =+−
Γ−Γ−= ∗
∗∗
)(d 3θεεθ Oq
G
i C
A
DC
BDB
DC
AD
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{ }{ } ⎥⎦⎤⎢⎣⎡ ◊= BABA qqiqq ,1, θ −−= ∗G
ABεθ  
 
( ) ( )( ) )(,,/ 523
3
24
θεεεθ O
G
B
JF
J
DH
B
DJ
J
FH
B
HDF
A
IE
I
CG
A
CI
I
GE
A
GCE
CDEFGH
+ΓΓ−ΓΓ−ΓΓΓ−ΓΓ−Γ−−
∗∗∗∗∗∗∗∗∗∗
∗
           (62).  
In the case of the curved 2D minisuperspace without torsion, from (57) (in which we only 
replace the metric ABG∗ with the general case metric ABG ), and with the identity 
 
,BDACBCAD
CDAB
- GG GG
GG
=−−
εε      (621) 
 
for the three smooth functions (scalar fields) )(,, θMCCBA
∞∈  associativity is satisfied 
up to the order of 3θ : 
 
( ) ( )CBACBA ◊◊−◊◊ = ( )( )( ) ( )( )( )[ ]{ −∇∇∇∇−∇∇∇∇− CBACBA FFEEFEFE 28
2θ  
 ( )( )( ) ( )( )( )[ ]} =+∇∇∇∇−∇∇∇∇− )( 32 θOCBACBA FEFEFEEF
 
 
                                        )( 30 θO+=       (63).  
 
Since the minisuperspace of our model is flat, the associativity of the diamond product 
(57) is satisfied in all orders of θ, and:   
 
( ) CBA ◊◊ = (A~Ì )B~ ÌC~ A~= Ì (B~Ì )C~ = ( )CBA ◊◊    (64), 
 
where )()~(~)(),~(~)(),~(~)( θMCqCqCqBqBqAqA
∞∈=== . Also, from (621), for the two 
smooth functions of compact support )()(),( θMCqBBqAA
∞∈==  the trace property is 
satisfied up to the order of 3θ  in the case of the curved 2D minisuperspace: 
 
∫ ◊−
θ
θ
M
BAq G2d =∫ ◊−−
θ
θ
M
ABq G2d
( )( ) ( )( )[ ] =+∂∂−∂∂−= ∫ )(d16 32
2
θθ
θ
OABBARq DCDC
CD
M
GG  
                                                        )(0 3θO+=      (65),  
 
where 
 
 21
( ) ⎟⎠⎞⎜⎝⎛ ◊◊≡∧◊−∧◊≡− ABBABAABBA qqqqqqqqq dd-dd21dd,dd21d 2 GG εθ       (66)  
 
is the measure of the minisuperspace ( )◊= ,MMθ . It is important to see that the product 
(57) is not present in the metric determinant as well as in the product of this determinant 
with the integrand, and in the contraction of this metric with other mathematical objects 
in (65) and (66), what is due to the metricity condition: 
  
0=∇ ABC G                    (67).  
 
In our model the trace property of the diamond product (57) is satisfied in all orders of θ 
since:  
 
=∫ ◊− ∗  d2
θ
θ
M
BAGq ∫ −
θM
AGq ~~~2d ÌB~ = ∫ −
θM
BGq ~~~d2 Ì =A~        
 d2∫ ◊−= ∗
θ
θ
M
ABGq     
   (68), 
 
where )~(~)(,dd
2
1dd
2
1d 2 qAqAGqqGqqGq AB
BA
AB
BA =−∧=−∧◊≡− ∗∗∗ εεθ  
and )~(~)( qBqB = . Starting with (64) and (68) the following noncommutative action may 
be constructed: 
 
[ ] ( )( )◊≡⎥⎦⎤⎢⎣⎡ ◊◊+∂◊∂−−= ∫ ∗∗∗ ,,ψ)(ψψψ21dψψ,),( 22 MMqGGqqGS M BA
AB
AB θ
θ
θ
ν
            (69) 
 
that at the finite diffeomorphism (see (6) and (7)) transforms into action (54). Action (69) 
can be obtained via the use of Weyl rescaling (see (49) and (52)) from the action: 
 
[ ] ⎟⎠⎞⎜⎝⎛ ⎟⎠⎞⎜⎝⎛ ◊≡⎥⎦⎤⎢⎣⎡ ′◊′◊′+′∂◊′∂′′−−=′′′′
••
Θ
•••••∗∗∗Θ ∫
•Θ
,,ψ)(ψψψ
2
1dψ,ψ),( 22 MMqGGqqGS
M
BA
AB
AB ν
 
            (70)  
 
the construction of which is enabled by the properties (64), (68), the condition of 
semimetricity: 
 
,)( 0=′∇ ∗• qG ABA      (71) 
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as well as the modification of the diamond product defined for instance for two 
minisuperspace scalar densities with: 
 
)(ψ)(ψ 21
BA qq ′◊′ • = )(ψ
2
)(exp)(ψ 21
B
DC
CD
A qqiq ′⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
∇∇Θ′
→
•
←
•
 = 
)(ψ)(ψ 21
BA qq ′′= + )(ψ)(ψ
2
)(
21
B
D
A
C
CD
qqqi ′∂⎥⎦
⎤⎢⎣
⎡ ′∂Θ •• )( 2θO+ , ⎟⎠
⎞⎜⎝
⎛ ′∂=′∇ •• ψψ AA     (72) 
 
where
)(
)()(
qG
qq
AB
AB
∗′−
Θ≡Θ ε - is the cocovariantly constant 2nd rank tensorial density, 
AAA w2
1 ′−∂≡∂• ρ , ))((;2w 21 aqAA =ΩΩ∂Ω−=′ − , )()()( 2 qGqqG ABAB ∗−∗ Ω=′  and 
θ)()( 2 qq −Ω=Θ -is the scalar density with Weyl weight .2=ρ The noncommutative 
action (70) completely determines the noncommutative dynamics of the quantum 
minisuperspace model of the closed universe. 
 
Let us consider now the effect of the noncommutativity of the minisuperspace on the 
classical cosmology of the closed universe described by the FRW metrics determined by 
the space-time interval: 
 [ ] ,d)(d)(d 2322222 Ω+′−= tattNs σ                                       (73) 
 
which  results from the application of the Weyl rescaling [44]: 
 ( ))()(),()()( 22 taqtNqtN =ΩΩ=′ −                                     (74) 
 
to (1). The choice of the Weyl rescaling factor )(qΩ in (74) appears adequate since it 
enables the flat minisuperspace to remain conformally flat as well [54]. We demonstrated 
earlier that the noncommutativity of the minisuperspace under the H-H condition results 
in the most probable creation of the closed universe with the values of the real parameters 
of  0>α  and 0=β  under the gauge condition +aθN  (see (307)), that determine the stable 
matter potential with a minimum in 0=φ (see (2)). Now we shall consider the classical 
cosmology of this most probable universe. If we apply the Weyl rescaling (see (49) and 
(52)) to the noncommutative hamiltonian (38) with the above mentioned values of the 
matter field parameters, we obtain the following noncommutative hamiltonian: 
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where the subscript “c”, denoting that the minisuperspace coordinates and momenta 
satisfy the Poisson algebra (37), has been dropped out for simplicity. Applying the 
Legandre transformations to (75) we obtain the noncommutative Lagrangian: 
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Solving the equations of motion obtained from (76), taking care of the gauge 
condition 1=′N  and the initial conditions  )0(
0d
d,0
0d
d
2
2
a
tt
a
tt
a α=
=
=
=
 we obtain the 
Lorentz 4-metric determined by the space-time interval: 
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For 0=θ  this reduces to the metrics of the de Sitter space-time, the symmetry of which 
is described by the de Sitter group SO(1,4) [38], [39]. The scalar curvature of the thus θ - 
deformed  de Sitter space-time is: 
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while the scalar curvature of the 3D subspace is: 
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where α3=Λ . From (77-79), the square of the Hubble parameter equals: 
 
,
)(
)(
)(
ta
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where effΛ is the effective cosmological “constant” , determined by the expression:  
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At cosmic time 0=t , the Hubble parameter equals zero, i.e.  
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and the value of the cosmological “constant” is: 
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1
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 For ∞→t from (78-81) there follows that: 
 
,,/,, Λ→ΛΛ→→Λ→ effHRR 304 234    (84) 
 
This means that the effects of noncommutativity get weaker with time, and become 
negligible at great separations. In other words, the θ -deformed closed universe 
accelerates its expansion, to asymptotically reach the geometry of the de Sitter space-time 
with the flat 3D subspace in infinite future. Also, assuming the validity of the gauge 
condition N’=1 and initial conditions a(0)=0, 
64
1
d
d 22
0
αθ
τ τ +==
a , after applying the 
Wick rotation to (76), and obtaining the corresponding equations of motion from this 
non-commutative Lagrangian, we obtain the Euclidian 4-metric determined by the space-
time interval: 
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For θ = 0 this reduces to the metric of the maximum symmetric 4-sphere (Hartle-
Hawking gravitational instanton) of the radius 1/√α, whose symmetry is described by the 
SO(5) group [38], [39]. From (85), the semiclassical noncommutative Hartle-Hawking 
(H-H) wave functions that corresponds to this 4-geometry are of the form: 
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From Eq. (86) we see that the noncommutativity parameter θ  increases (for the “+” sign) 
or decreases (for the “−“ sign) the two corresponding standard semiclassical H-H 
tunnelling amplitudes [38], [39]. So, from this consideration we may now conclude that 
the canonical noncommutativity prefers the creation of the theta deformed de Sitter 
universe rather by +′θψ than by .ψ −′θ  For 0=θ , +′θψ  corresponds to the geometry of filling 
in the three-sphere with more than half of a four-sphere of the radius 1/√α. This result is 
not unexpected because the noncommutative parameter θ  bounds the cosmic scale factor 
from below. 
 
 
Conclusion 
 
A number of results follow from our model of the universe. The main result is probably 
that the canonical noncommutativity of the minisuperspace chooses the creation from 
nothing to the classical universe with stable matter potentials under the gauge condition 
+
aθN  (see (307)), the universe with the most stable potential being most probable to 
create. The classical universes with unstable matter potentials under the same gauge 
conditions (307) do not create from nothing, because their corresponding wave functions 
(3013) do not decohere in the cosmic large-scale structure. This, together with the 
appropriate restrictions on the free parameters of the model and the Hartle-Hawking 
condition, chooses only the most probable semiclassical wave function of the universe 
from the class of semiclassical particular solutions of the noncommutative Wheeler-
DeWitt equation. This is why in the multiverse picture the canonical noncommutativity 
of the minisuperspace appears as the natural superselection rule, making the need for the 
anthropic principle superfluous. Also, we conjectured that the noncommutativity of 
curvilinear minisuperspace coordinates (the cosmic scaling factor and the matter field) is 
realized by the modification of the Moyal product.  We show that such construction of 
noncommutativity at the classical level leads to smaller values of the cosmological 
“constant” in the early phases of the theta deformed de Sitter universe created with 
greatest probability, whose further evolution with the passing of cosmic time determines 
the increase of this “constant”. With the flow of cosmic time the effects of 
noncommutativity get weaker, the expansion of the universe accelerates and the universe 
asymptotically reaches the standard de Sitter space-time geometry with 3D flat subspace 
in infinite future. The significance of this kind of noncommutativity is thus not limited to 
early phases of the evolution of the universe where it prefers creation by semiclassical 
tunneling amplitude +′θψ (see (86)), but also influences the long-scale structure and future 
evolution of the observable universe due to the dependence of its 4-geometry on cosmic 
time.  
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